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Abstract: The change of the boundary conditions is the main responsible for the slopes equilibrium 

disturbance, and mass wasting. Under normal climatic conditions, unconsolidated dry grains remain stable for 
a given internal friction angle. This angle increases if the soil is slightly moistened, since the surface tension 
between the water and the soil particles tends to fix the grains. During intense precipitation or snow clearing, 
water infiltration causes a reduction in the values of the friction angle (φ’) and the cohesion (c’) of the grains, 
which threatens the stability of the slope, this latter is accentuated by vibrations, where liquefaction of the soil 
occurs. Supported by the decline of the resistance to inter granular friction, the fall of the mechanical charac-
teristics of the soil will lead to the translation of the Mohr circle towards a rupture envelope curve. The incor-
poration of geotextile sheets can improve the stability of road embankments. This exerts stabilizing forces 
opposing the forces disturbing the slope equilibrium. These forces are not taken into account by the Bishop 
method, which is based on a good number of software such as Geostudio / slope. Our work consists in devel-
oping a mathematical approach to: introducing variable values of (c’) and (φ’) into the rupture criterion to take 
into account water infiltration, introducing a new parameter (F s ) to take account of the effect of the seismic 
stresses, introducing a force (r) to take account of the infiltrated water portion. Finally, stabilizing forces gen-
erated by the introduction of géosynthetic sheets (Geo) are engaged in the polygon of the Bishop forces. The 
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result shows that the action of water is the main disruptive force of the slope and the action of the geotextiles 
is the main stabilizing force.  

Key words: internal friction angle, cohesion, geosynthetics, slope stability, Bishop’s method. 
 
Problem statement: Shifts in the soil among geodynamic phenomena are the most common and most 

serious on the surface of the earth. They cause a natural and continuous change in the relief and occur, as a 
rule, either unexpectedly, especially during earthquakes, and / or during intense periods of rains with prolonged 
precipitation and the combined action of geological factors of different geomorphology. The state of the prob-
lem in the field of equilibrium of the slopes is quite developed in the world [1, 2, 3] and a little less in Algeria 
[4, 5]. There is a distinction between structural instability and geotechnical. The first form occurs in arrays at 
low voltages in well-developed geological structures. They are induced from geological breaks arising from 
the effect of their own weight of materials as a result of seismic actions or human activity [6]. The second kind 
arises due to excessive stresses in the soil massif [7, 8]. Methods for studying the instability of rocks are also 
empirical in classification [9] (Bieniawski, 1993). Methods of calculating the stability of slopes: analytical [10, 
11]; digital [12] and, more recently, geomechanical [13]. For soils, methods are based on the calculation of 
limiting equilibrium (Bishop, Felenius, Yambo, Morgenstern-Price, Spencerai et al.) Are the most commonly 
used [14]. Comparison of the safety coefficients of different methods for calculating the stability of the slopes 
advances the Bishop method as the most favorable for the use of the mathematical approach (Figure 1) when 
calculating the safety coefficient for a natural slope, subject to destructive effects, the presence of groundwater 
and stabilization by introducing geotextile layers. 

In accordance with the simplified and strict Bishop method, effective stresses depend on the water level 
in the soil, which also corresponds to the Terzagi assumption: σ '= σ-u (without compaction) [14]. 

What is not obvious, since the pore pressure may increase due to overload caused by suction during 
draining of the soil; The principle of Terzagi was changed by Bishop, who obtained the equation: 

 
(σ' = σ - Ua+χ.(Ua- Uw));                  (1) 

 
where χ- is the coefficient depending on the shear forces or consolidation, and σ, Ua and Uw, respec-

tively, are the general stress tensor, air pressure and water pressure, and S = (Ua-Uw) is absorption [15] (Figure 
1). Tensores of stress are expressed in the form of vectors of six components. In our approach, the soil particles 
and the liquid are incompressible, and the air pressure is assumed to be the same as atmospheric pressure: Ua 
= Pt. 
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Figure 1 – Comparison of the safety coefficients of the three methods of limiting equilibrium. 

Рисунок 1 – Порівняння коефіцієнтів безпеки трьох методів обмеження рівноваги. 
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Figure 2 – Development of the coefficient χ depending on the degree of saturation: 
1: Sealed clay; 2: Dusty loam; 3: Light loam; 4: White clay 

At the first stage, this assumption will be used in our approach. 
 

Рисунок 2 – Розробка коефіцієнта χ в залежності від ступеня насичення: 
1: Герметична глина; 2: Пильний суглинок; 3: Легкий суглинок; 4: Біла глина 

На першому етапі це припущення буде використано в нашому підході. 
 
2. Methodology: The method consists in introducing the values of the variables (c ') and (φ') into the 

break criterion of the Mora-Coulomb law, the new parameter (Fs) for mapping the influence of seismic loads, 
the force (r) in the polygon of the Bishop forces for displaying the proportion of infiltration water and force 
(Geo) generated by the introduction of geosynthetic layers. 

A- Influence of groundwater availability: Cyclical change in pore pressure, causes a significant reduc-
tion in the interaction forces in the soil, which can lead to a significant disturbance of the stressed state in the 
slope, even causing irreversible deformations. After a flood, melting snow, etc. a significant amount of infil-
tration water already seeping into the ground, as a rule, will be released from the slope by using the flow force 
of the next hyperbolic trajectory (related to the permeability of the medium) (Figure 3). This phenomenon was 
studied in the work of RICHARDS [16], its equation: 

 
Div (k(p)gradሬሬሬሬሬሬሬሬሬ⃗ (φ))=c 

ಢಞ

ಢ౪
                                           (2) 
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Figure 3 – The flow of groundwater in accordance with the Richards equation 

Рисунок 3 – Потік ґрунтових вод відповідно до рівняння Річардса 
 
On the basis of the general theory of aquifers, the RICHARDS equation [16] and the DEPUIT equation 

[16] have two forces: the first arises from the groundwater pore pressure, the second is caused by the flow of 
seepage water (it can be decisive in provoking slip, especially if the flow direction coincides with the slope 
slope) [17]. However, do not neglect the decrease in shear resistance caused by the action of water along the 
sliding surface (Figure 4): 
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ra=  
∆୑é

∆୑౦
 = ಋ౭

ಋ’   .  
ୱ୧୬∝ୱ୧୬ (஘ା஑)

ୡ୭ୱ஘
                                              (3) 

 
where: Mé is the shearing moment due to the strength of the flow, and Mp is the shear moment due to 

the weight. 
According to the data of [18], this equation takes into account the action of the water flow in comparison 

with the intrinsic weight of the soil layer. The latter corresponds to certain values of α, and θ, (30 °, 60 °, 
respectively). The component  ಋ౭

ಋ’ ,  is significant, especially when the values of γ and γw are close in value. 

FIILIAT [19] proposed the law of the distribution of the water flow on the slope (this method gives the most 
satisfactory results and has less criticism of the researchers), which connects the shear forces, the normal ef-
fective stress and the shearing stress:  

σ=𝛴γi.𝒽.icos2α(λ+μ.tanα),                                                         ( 4) 
 
where λ- is a compressibility. 
Some methods for calculating the circular cylindrical slip surface make extensive use of this equation 

[20], in our approach we introduce the force of the water flow (r) directly into the Bishop's polygon diagram. 
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Figure 4 – The change in the safety factor (with different angles of inclination α) depending on the water ta-
ble. 

Рисунок 4 – Зміна коефіцієнта безпеки (з різними кутами нахилу α) залежно від стоку води. 
 
B- Influence of seismic loading: Flowability is a direct result of seismic vibrations on the location of 

grains in the ground, these impacts are very harmful for stability. If the grain size curve of the soil sample is 
found in the category of medium and fine sand, with a uniformity coefficient Cu = <2, then there are large 
risks of destruction. The potential for fluidity is defined in [21] as the ability of the soil to reach the limiting 
state under a seismic load. It depends on the type and initial state of the soil compaction (Figure 5). 

 
CSR7.5 = 

த

஢౬బ
ᇲ ,                                                             (5) 

 
where CSR7.5 is the ratio of cyclic stresses for the magnitude of the earthquake readout M = 7.5 on 

the Richter scale: 
 

CRR7.5 = 0.833 / (q.ciN).0.001+0.05                                           (6) 
 

            F = CRR7.5 / CSR7.5                                                                                       (7) 
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where CRR7.5 - stresses to fluidity (for an earthquake of magnitude M = 7.5 on the Richter scale. 
 

percentage of small

 
Figure 5 – Curves CSR7.5, depending on SPT and percentage of fine particles [20] 
Рисунок 5 – Криві CSR7.5, залежно від SPT та відсотка дрібних частинок [20] 

 
This indicator gives the ratio of the shear stress τ caused by seismic loads and effective geostatic stress 

(σ'v), depending on the penetration resistance SPT of ISO 22476-3, ASTM D1586 [22]. 
At the bottom of the slope, the shear stress due to the earthquake is determined by the peak earthquake 

acceleration (ah) (Swiss standards), and with the SEED reduction factor (rd) [21]. 
 

τ = 0.6 5 .
ୟ౞

୥
.σv.rd                                                                   (8) 

 

In the body of the slope it is expressed in terms of the maximum acceleration (ag) of the active center 
of gravity of the layer [23]. 

 

τ = 0.65 . 
ୟౝ

୥
. σv                                             (9) 

 
The maximum accelerations (amax) are determined by the sum of the spectral values of the acceleration 

(ai), each spectrum of their reaction (ωi) is corrected by the velocity of the effect (vs) [24]. 
 

amax = [(1.60xa1)2+(1.06xa2)2+(0.86xa3)2]0.5                                            (10) 
 

ωi = cst 
୴౩

୦
 P = 

ଶ஠

ன
                                                      (11) 

 
To replace the stresses by the acting forces: 
- The horizontal force is the product of the average acceleration per block mass: 
 

Fhorizontale=amoy . m                                                        (12) 
 

- The vertical force connects the vertical component of the seismic acceleration to the block mass: 
 

Fverticale =avert .m↔  Fverticale = 0.66 ahorizontale .m                                 (13) 
 
These two forces are used to use the mathematical approach in [25, 26]. 
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C - Influence of water content on shallow grounds: The phenomenon of bond failure in undrained soils 
of undisturbed structure, and residual adhesion in finely dispersed saturated soils, was investigated using a 
shear device for measuring adhesion for water content variables (Table 1). 

 
Table 1 – Changing the adhesion depending on the water content (measured by the Micro-Harvard) 
Таблиця 1 – Зміна адгезії залежно від вмісту води (вимірюється мікро-Гарвардом) 

 
Water content % 20 22 25 35 40 50 60 
Cohesion in the soil of an un-
disturbed structure (kPa) 

0.38 2.07 4.65 3.81 3.47 3.35 0.09 

Residual grip (kPa) 0.19 0.77 1.33 1.30 1.28 1.20 0.09 
 
The increase in adhesion, depending on the increase in water content, is observed with an upward 

curved threshold corresponding to 25% of humidity, then decreases to very dangerous values beyond 55% of 
humidity. The shape of this curve varies depending on the lithological composition of the soil [27, 28]. 

We can introduce this component directly into the Bishop breakdown criterion. The same observation 
applies to the change in the angle of internal friction (hence, in the Bishop method, we use the coefficient (Kφ 
= 0.8) and (φ '= φ .Kφ.) Proceeding from this we obtain: 

 
S = 1 / F (c’ (w) ℓ + N’ tanφ’ (w).                                  (14) 

 
D- Density analysis: Vulnerability of fine fractions to easy laying or washing out, affects the relative 

density of the soil, and varies with time, sometimes the density increases with compaction or consolidation, 
or decreases as a result of leaching or dissolving of fine fractions of the soil. 

 

Dr = 
ஓୢିஓୢ୫୧୬

ஓୢ୫ୟ୶ିஓୢ୫୧୬
×  

ஓୢ୫ୟ୶

ஓୢ
                      (15) 

 
We can introduce the term relative density directly in terms of mass: 
 

(W=Dr.h.b.1).                                                            (16) 
 
E-Geotextile interlayers: The introduction of geosynthetics (schematically as a line in the 2D section) 

can significantly improve the equilibrium state of the slope. With this layer position, only the tangential 
component (GéoX) plays a role in equilibrium. The flexible characteristics of the interlayer do not affect the 
nanormal component (under compression) . 

 
3. The mathematical approach 
 

 
Figure 6 – a - Separation of the slope into blocks; b- Conditions of equilibrium; c is the Bishop's polygon. 

Рисунок 6 – а - Поділ схилу на блоки; б - умови рівноваги; c - полігон єпископа. 
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Xl, XR, EL, ER - vertical and horizontal forces between blocks; W is its own weight; 
S is the normal force; Geo - tensile forces in geotextiles, F - seismic forces; 
r is the force associated with the flow of groundwater; α is the angle of the base segment; θ is the angle 

between the line of the piezometric level and the horizontal. 
The Coulomb-Mora law: 

S = 
ଵ

୊
 (c’(w) ℓ+N.tanφ’(w))                                                       (17) 

 
The projection of forces on the vertical in the center of the section.  
 

                           (N+ua.ℓ-χ.ℓ.se).cosα= W+(XL-XR)-S.sinα+(Fs
vert+r.sinθ)                                  (18) 

 
the replacement of S according to (17):  
 

(N+ua.ℓ-χ.ℓ.se)cosα= W+(xl-xr)- /F(c’(w) ℓ+N.tanφ’(w)). sinα +(Fs
vert+r.sinθ)                          (19) 

 
(N.cosα)+(ua.ℓ-χ.ℓ.se).cosα=W+(xL-xR)-(c’(w)ℓ/F).sinα–N.tanφ’(w).sinα/F)+(Fs

vert+r.sinθ)     (20) 
 
where: c '(w), φ' (w): are residual characteristics due to material fatigue (see section C): 
 

N.(cosα+(tanφ’(w).sinα)/F) = W+(xL-xR)- ℓ. (ua -χ.se).cosα – (c’(w) sinα /F) +(Fs
vert+r.sinθ).   (21) 

 

N = 
ቀ୛ା(୶ైି୶౎)ି ℓ.(୳౗ି஧.ୱ౛).ୡ୭ୱ஑ି(ୡ’(୵)ୱ୧୬஑

୊ൗ ቁା(୊ୱ౬౛౨౪ା୰ୱ୧୬஘)

(ୡ୭ୱ஑ା(୲ୟ୬஦’(୵)ୱ୧୬஑)/୊)
                                    22) 

 
For clarity and simplicity, Bishop's method allowed to neglect the forces in the intermediate sections 

(which is present with a small difference between the blocks) and the center of gravity of the compartment is 
located at half its height. Moments with respect to the center of rotation of the sliding surface: 

 
W.Rx=S.R-Fs

vertRx- Fs
horiz(R.(cosα)- h/2)– r.sinθ.Rx– r.cosθ.(R.(cosα)- h/2)+Geo(R.(cosα)- h/2)    (23) 

 
W.Rsinα=R.τℓ - Fs

vertR.sinα- Fs
horiz(R.(cosα)-h/2) -((rsinθ.Rsinα)+((rcosθ-Geo).(R(cosα)-h/2)))   (24) 

 
When the destruction criterion (τ = c '+ σ.tanφ') is introduced into equation (24): 
 
W. Rsinα = R/F. [(c’(w)ℓ+Ntanφ’(w)ℓ) - (ℓtanφ’(w).(ua-χ.se))] - [(Fs

vert+rsinθ)(Rsinα)] - (Fs
horiz+rcosθ-

Geo).(R.(cosα) -h/2)]                                                                                                                                      (25) 
 

F=
ୖ [(ୡ’(୵)ℓା୒.୲ୟ୬஦’(୵)ℓ)ି( ℓ୲ୟ୬஦’(୵).(୳ୟି஧.ୱୣ))]

୛ୖୱ୧୬஑ା[(୊ୱ୴ୣ୰୲ା୰ୱ୧୬஘)(ୖୱ୧୬஑)]ା[(୊ୱ౞౥౨౟౰ା୰ୡ୭ୱ஘ିୋୣ୭) (ୖ.(ୡ୭ୱ஑) ି୦/ଶ)]
                                      (26) 

 

F=
[ୡ’(୵)ℓା୒୲ୟ୬ ’(୵)]ି[ ℓ୲ୟ୬஦’(୵).(୳ୟି஧.ୱୣ)]

୛ୖୱ୧୬ [(୊ୱ౬౛౨౪ା୰ୱ୧୬஘)(ୖୱ୧୬஑)]ା[(୊ୱ౞౥౨౟౰ା୰ୡ୭ୱ஘ିୋ౛౥) (ୖ.(ୡ୭ୱ஑) ି୦/ଶ)]
.                                      (27) 

 
Substituting the values of N from (21) into (25) and taking into account the sum of the blocks: 
 

F=
ஊ [[ୡ’(୵)ℓା

౪౗౤ಞ’(౭)[౓ష( ℓౙ౥౩ಉ (౫౗షಟ.౩౛))] శ(ౙ’(౭)౩౟౤ಉ/ూ)శ ూ౩౬౛౨౪ శ౨౩౟౤ಐ] 

ౙ౥౩ಉ శ(౪౗౤ಞ’(౭)౩౟౤ಉ/ూ)
ିℓ (୳ୟି஧.ୱୣ)]

ஊ[୛౟ୱ୧୬஑౟ ା[(୊ୱ౞౥౨౟౰ ା୰౟ୡ୭ୱ஘౟ିୋ౛౥)ቀୡ୭ ౟ି
౞౟
మ౎

ቁ]ା (୰౟ୱ୧୬஘౟ା ஊ୊ୱ౬౛౨౪ )(ୱ୧୬஑౟)]
                     (28) 

 
Replacing: 

ଵ

୫∝
=

(ୱୣୡ஑)
(భశ(౪౗౤ಞ’(౭).౪౗ )

ూ

                (29) 

 
We get: 

F =
ୡ’(୵)ℓା୒୲ୟ୬ ’(୵)ൣ୛ି൫ℓୡ୭ (୳ୟି஧.ୱୣ)൯൧ାቀୡ’

(౭)౩౟౤ಉ

ూ
ቁା୊ୱ౬౛౨౪ ା୰ୱ୧୬஘ ][ଵ/୫ಉ]ିℓ(୳ୟି஧.ୱୣ)]

ஊ[୛౟ୱ୧୬஑౟ ା [(୊ୱ౞౥౨౟౰ ା୰౟ୡ୭ୱ஘౟ିୋ౛౥) (ୡ୭ୱ஑౟ି୦౟/ଶୖ)) ା (୰౟ୱ୧୬஘౟ ା ஊ୊ୱ౬౛౨౪ )(ୱ୧୬஑౟)]
                 (30) 

 



АВТОМОБІЛЬНІ ДОРОГИ І ДОРОЖНЄ БУДІВНИЦТВО. ВИП. 107. 2020 
AUTOMOBILE ROADS AND ROAD CONSTRUCTION. ISS. 107. 2020 

30 

value

va
lu

e

 
Figure 7 –  Changing mα depending on tanφ '. 

Рисунок 7 – Зміна mα залежно від tanφ '. 
 
4. Results: Equation (30) is the result of a mathematical approach for the Bishop method. The 

appearance of seismic forces and due to the flow of water simultaneously with the numerator and in the 
denominator and the stretching force in the geotextile with a negative sign in the denominator (plays a positive 
role for stability) makes it possible to obtain the safety factor of the modified method and the simplified and 
exact Bishop method. 

 
At:  φ’= φ.Kφ ;   и   ru =  

୳

୘୭୲ୟ୪ ୴ୣ୰୲୧ୡୟ୪ ୱ୲୰ୣୱୱ
                            (31) 

 

- simplified method: F =  
ஊ൛ୡᇲୠା୲ୟ୬ ᇲ൫୛(ଵି୰୳)൯ൟଵ/୫஑

ஊ୛ୱ୧୬
 ;                                         (32) 

 

- exact method: F = 
ஊቄቀୡᇲୠା୲ୟ୬ ᇲ൫୛(ଵି୰୳)൯ቁା(୶୪ି୶ )ቅଵ/୫஑

ஊ୛ୱ୧୬
                                       (33) 

 
This allows us to obtain a safety interval in the design of the embankments and take into account the 

various forces affecting the equilibrium of the natural slope [29, 30]. 
 
5. Conclusions: The phenomenon of instability of road slopes under the influence of various external 

factors is not fully understood. Previous studies have shown that the level of groundwater in the slope had a 
large role in development during the movement of a natural or constructed slope [31]. In this article, the influ-
ence of various external factors on the stability of slopes was assessed. Using the Bishop method, we were 
able to establish a change in the safety factor, depending on the presence of geosynthetic layers, the availability 
of groundwater and seismic forces. Instability thus appears in connection with the behavior of the last two 
factors. The laying of geotextile layers plays a decisive role in the stabilization of slopes. The appearance of a 
retaining force from geotextiles in the denominator of the modified Bishop equation with a negative sign 
proves the strengthening of the structure due to the tension effect in the layers of geotextile. 

With the use of software, this approach can be used to take these factors into account in limiting equi-
librium calculations. 
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Анотація: Зміна граничних умов є основною причиною порушення рівноваги схилів та масової 

трати. За нормальних кліматичних умов неконсолідовані сухі зерна залишаються стабільними для за-
даного внутрішнього кута тертя. Цей кут збільшується, якщо грунт трохи зволожений, оскільки по-
верхневий натяг між водою та частинками ґрунту має тенденцію фіксувати зерна. Під час інтенсивних 
опадів чи очищення від снігу інфільтрація води спричиняє зменшення значень кута тертя (φ ') та згур-
тованості (c') про зерна, що загрожує стійкості схилу, це останнє підкреслюється вібраціями, де відбу-
вається зрідження ґрунту. Підтримка зниження опору міжгранульованим тертям падіння механічних 
характеристик ґрунту призведе до переведення кола Мора на криву розриву оболонки. Внесення гео-
текстильних листів може підвищити стійкість дорожніх насипів. Це здійснює стабілізуючі сили, про-
тилежні силам, що порушують рівновагу схилу. Ці сили не враховуються методом Бішопа, який ба-
зується на великій кількості програмного забезпечення, такого як Geostudio / нахил. Наша робота по-
лягає у розробці математичного підходу до: введення змінних значень (c ') і (φ') в критерій розриву для 
врахування проникнення води, введення нового параметра (F s) для врахування ефекту сейсмічні 
напруження, вводячи силу (r) для врахування інфільтрованої водної частини. Нарешті, в полігоні сил 
Єпископа беруть участь стабілізуючі сили, що створюються введенням геосинтетичних листів (Гео). 
Результат показує, що дія води є основною руйнівною силою схилу, а дія геотекстилю є основною 
стабілізуючою силою. 

Ключові слова: кут внутрішнього тертя, згуртованість, геосинтетика, стійкість схилу, метод 
Бішопа. 
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