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Abstract: Modern calculations of layered plates and shells in a three-dimensional formulation are
based on a technique where the distribution of the desired functions over the thickness of a structure is sought
by the method of discrete orthogonalization. In this article, based on the approaches developed by the authors,
the thermally stressed state of layered composite shallow shells with a rigidly fixed lower surface is analyzed.
The distribution of the desired functions over the thickness of the structure is found based on the exact analyt-
ical solution of the system of differential equations. An approach to studying the thermally stressed state of
layered composite shells is also considered, and a spatial model for calculating the thermally stressed state of
shallow shells on a rigid basis is constructed. Currently, this is a very urgent task when calculating the pave-
ment of bridges. A feature of this approach is the assignment of the desired functions to the outer surfaces of
the layers, which allows one to break the layer into sublayers, reducing the approximation error to almost zero.
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To build a spatial model, a load option is selected with temperature loads (according to the sine law)
and boundary conditions (Navier), which lead to the distribution of the desired functions in terms of a plate
with trigonometric harmonics of the Fourier series. A polynomial approximation of the desired functions by
thickness is involved.

Using the model under consideration, an analysis of flat layered composite shells on a rigid basis under
the influence of temperature load was carried out. The considered example showed that the proposed model
provides sufficient accuracy in the calculations of layered shallow shells when considering each layer within
one sublayer. When dividing each layer into 32, 64, 128 sublayers, almost the same result was obtained.

The proposed approach can be used as a reference method for testing applied approaches in calculating
the stress states of layered shallow composite shells.

Key words: temperature loads, tangential loads, thermo-stressed state, layered composite shells, semi-
analytical finite element method.

Introduction. Calculations of layered plates and shells in a three-dimensional setting, including calcu-
lations for temperature effects, are most fully presented in [1]. Modern similar calculations are based on a
technique where the distribution of unknown functions over the thickness of the structure is sought by the
method of discrete orthogonalization.

In this article, based on the approaches developed by the authors, the thermally stressed state of layered
composite sloping shells with a rigidly fixed lower surface is analyzed.

1. Construction of the solution
In order to construct a spatial model, the variant of the loading by the temperature load (by the law of
the sinus) and the boundary conditions (Navier) is chosen, which leads to the distribution of the desired func-
tions in terms of the plate by the trigonometric harmonics of the Fourier series. The polynomial approximation
of the desired functions in thickness is involved.
The layered structure in the Cartesian coordinate system is considered. The faces of the layers are evenly

spaced at a certain distance and have zero curvature of the torsion & 2= (0 . The variability of the main
curvature is neglected k ]] =Const ; k 22 = const . The construction is rather slippery, that is, for the co-

efficients of the first quadratic form should be taken A; = /; Ay ~ 1.1t is assumed that the curvature radii
have considerably larger thicknesses of the structure and its outer surfaces have the same curvature, and can
also be written / + kj;z; I+ kjyz = 1. The introduced restrictions allow us to identify the curvilinear
system of orthogonal coordinates with a planar orthogonal coordinate system. The X axis (lower index 1) and
Y (lower index 2) are directed in the plan view, Z axis (lower index 3) for its thickness down; aj_;, aj —

the coordinates of the outer surfaces of the k-th layer of the plate along the Z-axis; comma at the level of the
index means a differentiation operation.
A well-known approximation of the desired displacements by thickness is used [2]:

UE xy.z) =0 v £ 20w x0)08 (2):
U xy.2) =W xy) plz)i=12:1=12:p=1...4) (1

We have [ z(Ik) (x,y), U 1(5 ) (x,y) — tangential displacements on the faces of the k-th layer of the

structure;
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ng) (x,y), ng) (x,y ) — normal displacements on the faces of the k-th layer of the structure,

W(k) (x,v), W(k ) (x,y ) — shift functions in the direction of the X and Y axes;
S (k) (z), f z(é{) (z): B (k) (z). B, (k) (z ) — predetermined first degree polynomials;
gpl]k)(z) (ol k)(z) ﬂ(k)(z) ﬂ(k)(z) — second-degree polynomial;

(plj{,{) (z), ¢ ( z ) — third-degree polynomials.

The components of the strain tensor of a layer of a structure using the introduced approximation (1) are
determined on the basis of the following relations:

B =uk) i s wiklel) +kw i B k) =wE) ﬂ;,g) :

Cii D,ii
k k) o(k k) (k k k k
2 -ULE U W htoft) o)
281(?:(]1(1]{)13??+ngl)(¢,;k§+ ). @)

The stress, taking into account the expressions for deformations (2), is written on the basis of Hooke's
law:

et f(k) W% (k)+ K W(k)ﬂ(k) )+c(")W”‘)ﬁ”‘)

—(cFa (k)+C(k) (k)+C(k)a(k))t(k)f(k);
(k) - (k)(U(k)f(k) (k) ¢(k)+k]1W(k)ﬁ(k))+

033 — 11,1
UL+ ;k2)2¢§1;)+k W B )+ e wl gk -

_(Cgl;)a](k)+Cgk)a(k)+C(k)agk))t(k)f7(k);
o =G 1S v w i ol B 0

ip,3
ofs =G W +US I W ool o8 ).
(i¢j=],2;l=],2;p=]...4). 3)

here f(k) ( ) + agk)z + agk)ZZ (the coefficients agk) and agk) are found on the basis

of the solution of the equatlon of stationary thermal conductivity).
Equations of equilibrium, using expressions for deformations (2) and stresses (3), are obtained on the
basis of the Lagrange variational equation.
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They have the following form:

(k) (k (k) (k (k). (k (k) (k) .
-y +Tui u i - Benil P u ), - (Be12l + 120 )utk) -

- BD]Il(pk) Wik~ (BD]ZI(;) + BDaul(]f) + BD622$))W;@21+

(k) (k) _spilk) _ (k) _ (k) (k)
H(TUWIEY + CUWI Y —SDIUY — kg CLIEY —kp WCI12 Y ] +

(k) (k) _ (k) _g.
+BBTI () — ¢ =0,

k k k k k k k k k
~(B612( " + B2 )uik), - 8220 k) U 2l Tt - B622, 'utk),-

_ (k) yr(k) _ (k) (k) (k) )y (k)
BD221p W92 (BD]le +BD6IIlp +BD6221p WO+
(k) (k) _ (k) _ (k) _ (k) (k)
+(TUW21p +CUW21p SDZZp k”WCZIZp k22W0221p IW, 5+
k). (k (k) _
+BBT20,0) — 4 =0,

(k) ok (k) (k) (k) 7ok
BDIIS UGk), +(BDI2S + BD611C + BD6220 )UF)) ~

(k) (k) (k) (k) (k) gk
~(TUWI + CUWIG = SDIG —ky WOl Y koW Cl2 P UG +

(k) 1(k (k) (k) (k) yp(k
BD225) U)o+ (BDI2S + BD611G + BD6228) )UK -

(k) (k) (k) (k) (k) r(k
—(ruw 2+ cuw2) —sp2y) —ky we21R — kg we 22yt +

4 DD]]g;) ng e 1)1)22%) ng St
+ (1)1)12%‘9) + DD6I zg‘)) + DD622%§) + DD612%§) )ng M
(w208 +CC20Y) + CW2lk) —~ZD2) k) WO L) ~ ey W 0220 )ng e
H(ZZ0) 4k WL+ kygW 12+ Ky W 21+ kpgl 22+
kg kg W 11+ ke ko WW 12+ Kok WW 21+ Ky 2k oo WW 22)y (F) +

(k) (k) (k) (k)
+DDTIS ) + DDT2CE 107 +

k k k k
+ (218 4k DTIC + ko DT 205 )/ _qu)zo. 4
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For the hinged support of the heat conduction equation has the form:

k k)
A0 (k)

Ay

mx 0 k

A (k)( )50
3

It is desirable to realize such an equation by the grid method (it is possible to accurately satisfy the
boundary conditions on the surface of the layers, both in temperature and in heat flux, without particular com-
plications in the implementation).

The second derivative with respect to the temperature distribution function over the thickness of the
structure is based on the following difference equation:

(k) (k) (k)
(k) _ f(z ])_2f(z) 7(i+1)
f733 h(k) ’

The temperature values determined in this way on the surfaces of the layers and at their center make it

o) ¥ 1 a2

easy to determine the coefficients of the polynomial f7(k) = z+a; . Further, it is pos-

sible to solve the system of equations (4) for hinged support.

2. Results of numerical studies
As an example, the thermo-stressed state of a three-layer hollow shell with the following physical-

mechanical  characteristics =~ was  considered: E 0= 1 MPa ; E (1) _ 172-1000-Ey;

ESY =Y =6,9-1000-Ey; 612 =G0V =345-1000- Ey; GYY =138-1000-Ey;

D =y =t = 0,25 Vo JEy=v,,/E); A =122 — W

32 =% Vo1 /B2 =V /B m- deg

T oy =1deg: 1 =80.1070 .«
m - deg

_ h
oV =al =1630-1070 -ay: NV =2 (h=1m).
2 3 4
The second layer, the h( ) = 2 thlckness identical to the first, but returned to 90 , the third layer

a
is similar to the first, Z =5 (a = b). The thermomechanical contact of the layers is ideal. A plate loaded

on the upper surface by a temperature distributed according to the law of the sine T q31~= 50-T 0 (

T0=] deg ). On the lower surface, the temperature is zero 7T’ q32= 0. Curvature of the shell
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8-(h/5)  ,_8-(h/5)
(a+b)/a’ (a+b)/b
out when each layer was considered within the same sublayer (P_1). The accuracy was confirmed by calcula-
tion according to the applied model with breakdown of each layer into 128 sublayers (P_128).

k]] =xkrl; k22 =+xkr2 (krl=

). The calculation was carried

The temperature at the boundaries of the layers with consideration of each layer within the same sub-
layer 50; 34,9685; 10.8110; 0 with breakdown of each layer into 128 sublayers 50; 35,0164; 10.7681; 0.

o . - Ui
Table 1 shows dimensionless values of displacements U] = R
hay - Tp-10
- U B o) B o
Uz = 3 3 as well as stresses 0 S ¥ — and 0yy = 22 at the
h'ao'TO']O ao'TO'EO ao'TO'EO

boundaries of layers of a shallow shell with rigid contact between layers and with a rigidly fixed lower surface.

A variant with negative and positive curvature was considered (the Z axis is directed downwards).

Conclusions. The developed approach to the investigation of the thermally stressed state of layered
composite shells is constructed and a spatial model is constructed for calculating the thermally stressed state
of shallow shells on a rigid basis. The peculiarity of this approach is the assignment of the unknown functions
to the outer surfaces of the layers, which makes it possible to break the layer into sublayers, reducing the error
of approximation to practically zero. With the use of the model under consideration, the analysis of gently
sloping composite shells on a rigid substrate under the effect of a temperature load is performed. The consid-
ered example showed that the proposed model provides sufficient accuracy in the calculations of layered shal-
low shells when considering each layer within a single sublayer. When each layer was broken into 32, 64, 128
sublayers, the result was almost the same.

Table 1. Dimensionless values of displacements and stresses on the boundaries of layers with rigid
contact between layers and layers and with a rigidly fixed lower surface

Tabauns 1. be3po3mipHi 3HaYeHHS epeMiLlIeHb 1 Halpy>KeHb Ha KOPIOHAX LIapiB 3 JKOPCTKUM KOHTa-
KTOM ITIapiB 1 MPOIIAPKIB 1 3 Y)KOPCTKO 3aKPIIJICHOIO HIDKHBOIO IIOBEPXHEIO

Layer # Uj U3 Oj] 022
PI128 | P PI128 | P11 PI128 | P PI128 | P
k]] Z—kl"]; k22 =—kr2

1 -8.874 -8.774 -4.654 -4.667 41.12 40.08 -46.38 -46.51
-5.052 -5.010 -2.570 -2.581 11.885 11.52 -34.935 -35.06

2 -5.052 -5.010 -2.570 -2.581 -36.07 -36.08 49.34 45.22
-1.818 -1.893 -3075 -.3070 -10.98 -11.06 4.617 3799
3 -1.818 -1.893 -3075 -.3070 4.003 4.677 -10.97 -11.19
0 0 0 0 4486 4215 3625 3406

k]] Zkl’l; k22=kl’2

1 -12.12 -12.08 -4.642 -4.659 24.67 24.06 -47.97 -48.07
-7.867 -7.868 -2.552 -2.566 13.91 13.89 -35.48 -35.57

2 -7.867 -7.868 -2.552 -2.566 -36.17 -36.16 36.86 33.23
-2.194 -2.266 -.3024 -.3035 -10.96 -11.02 8.464 4.619
3 -2.194 -2.266 -3024 -.3035 4.701 5.367 -10.84 -11.04
0 0 0 0 4284 4182 3462 3379
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Anortanisi. CydacHi po3paxyHKH MapyBaTHX IUTAT 1 000JIOHOK B TPUBUMIPHIN ITOCTAHOBI 3aCHOBaHI
Ha METOJHII, Ie PO3MOALT IIyKaHUX (DYHKIIIH [0 TOBIIMHI KOHCTPYKIIT PO3IIYKYETHCS METOJIOM AMCKPETHOT
opToronamizauii. B naHiif craTTi Ha OCHOBI MiAXOiB, PO3POOJICHNUX aBTOPAaMH, MTPOAHATI30BAHHUI TEPMOHAII-
PYKCHHUH CTaH MAapyBaTHX KOMIIO3UTHUX TTOJIOTUX O0OJIOHOK 3 KOPCTKO 3aKPIIIICHOI HUKHBOIO TIOBEPXHEIO.
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3HaxOIKEHHS PO3MOUTY ITyKaHUX (YHKLIHM 1O TOBIIMHI KOHCTPYKUii BiZOyBa€eThCs HA OCHOBI TOYHOTO aHa-
JITHYHOTO PILLICHHS CUCTEMHU MU epeHIiaIbHUX PIBHSIHD. TaK0X PO3MVISIHYTHH MiIXiJ 10 AOCHTIKCHHS Tep-
MOHAMNPY>KEHOT0 CTaHy IapyBaTUX KOMIIO3UTHUX O0OJIOHOK Ta MOOYI0BaHO MPOCTOPOBY MOAETH I PO3pa-
XYHKY TEPMOHAIIPYKEHOTO CTaHy IMOJOTUX 000JIOHOK Ha JKOPCTKil OCHOBI. Ha TemepimmHii gac 1e € BeaIbpMu
aKkTyaJbHa 3a/1a4ua IMPH PO3pPaxyHKY MOPOKHIX MMOKPUTTIB MOCTIB. OCOOIMBICTIO TAKOTO ITIIXOIY € BITHECECHHS
HIyKaHuX (QyHKIIH 10 30BHIIIHIX TOBEPXOHB LIApPiB, 10 AO3BOJISIE PO30MBATH IIAPH HA MiJIIAPH, SMEHIITYIOUH
MMOXHOKY alpoOKCUMAIlii MTPaKTHIHO JO HYJISI

Jis moGynoBu mpocTopoBoi MoJielli BUOMPAEThCA BapiaHT HABAaHTAKEHHs TEMIIEpaTypHUM HaBaHTa-
KEHHSIM (32 3aKOHOM CUHYca) 1 rpaHnYHUX yMOB (Hag'e), sskuii mpu3BOIUTE A0 PO3MONITY IIYKaHUX (QYHKIIH
B IUIaHI IUTUTH 32 TPUTOHOMETPUIHUMH rapMoHiKaMu psaxy Dyp'e. 3amydaeThbes oJTiHOMIaTbHA alPOKCHUMAITIS
LIYKaHUX QYHKIIH 110 TOBIIMHI.

3 BUKOPHUCTAHHSAM PO3TIITHYTOI MOJIETIi IPOBEICHUNA aHAaJIi3 MOJIOTHX MapyBaTUX KOMITO3UTHUX 000-
JIOHOK Ha >KOPCTKii OCHOBI MiJ] BIUITMBOM TEMIIEPaTypHOTr0 HaBaHTaXEHHS. PO3rIIsIHyTHIA IpUKIIa] 3acBiI4UMB,
10 IPOTNIOHOBaHa MOZETb 3a0€e3Meuye TOCTaTHIO TOUHICTh B PO3paxyHKax IIapyBaTHX MOJIOTHX 000JIOHOK IpH
PO3IJIsiAaHHI KOKHOT'O IIapy B paMKax oAHoro miaiapy. [Tpu po3ouBanHi KoxkHOrO Iapy Ha 32, 64, 128 mij-
IapiB OTPUMYBAJU MPAKTUYHO OJHAKOBUI PE3yJIbTaT.

3anporoHOBAHMM TiIX1T MOYKE 3aCTOCOBYBATHUCS Y SIKOCTI €TAJIOHHOTO METOY TPU TECTyBaHHI MPH-
KJIATHUX ITIXO/IIB B pO3paxyHKax HAIPYKEHUX CTaHIB MMapyBaTHX MOJOTHX KOMIIO3UTHUX 00OJOHOK.

KarouoBi cioBa: TemnepaTypHi HaBaHTaKCHHS, JOTUYHI HaBaHTAXKEHHS, TCPMOHAINPYXKCHUH CTaH,

IapyBaTi KOMIIO3UTHI 00OJIOHKH, HalliBAHATITHYHANA METOJI KiHIIEBUX CJIEMCHTIB.
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