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Abstract: Modern calculations of layered plates and shells in a three-dimensional formulation are based
on a technique where the distribution of the desired functions over the thickness of a structure is sought by the
method of discrete orthogonalization. In this article, based on the approaches developed by the authors, the
thermally stressed state of layered composite shallow shells with a rigidly fixed lower surface is analyzed. The
distribution of the desired functions over the thickness of the structure is found based on the exact analytical
solution of the system of differential equations.

An approach to the study of the thermal stress state of shallow composite shells is considered, and an
analytical model is constructed for calculating the thermal stress state of shallow shells on a rigid base with a
sliding contact of the layers. Currently, this is a very urgent task when calculating the pavement of bridges. A
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feature of this approach is the assignment of the desired functions to the outer surfaces of the layers, which
allows one to break the layer into sublayers, reducing the approximation error to almost zero. Using the model
in question, an analysis of flat layered composite shells on a rigid base with a sliding contact of the layers
under the influence of temperature loading was carried out.

To build a spatial model, a load option is selected with temperature loads (according to the sine law)
and boundary conditions (Navier), which lead to the distribution of the desired functions in terms of a plate
with trigonometric harmonics of the Fourier series. A polynomial approximation of the desired functions by
thickness is involved.

Using the model in question, an analysis of flat layered composite shells on a rigid base with a sliding
contact of the layers under the influence of temperature loading was carried out. The considered example
showed that the proposed model provides sufficient accuracy in the calculations of layered shallow shells when
considering each layer within one sublayer.

The proposed approach can be used as a reference method for testing applied approaches in calculating
various stress states of layered flat composite shells.

Key words: temperature loads, tangential loads, thermo-stressed state, layered composite shells, semi-
analytical finite element method.

Introduction. Calculations of layered plates and shells in a three-dimensional setting, including calcu-
lations for temperature effects, are most fully presented in [1]. Modern similar calculations are based on a
technique where the distribution of unknown functions over the thickness of the structure is sought by the
method of discrete orthogonalization.

In this article, based on the approaches developed by the authors, the thermally stressed state of layered
composite sloping shells with a rigidly fixed lower surface is analyzed. The determination of the distribution
of the unknown functions over the thickness of the structure occurs on the basis of an exact analytic solution
of the system of differential equations.

1. Construction of the solution
In order to construct a spatial model, the variant of the loading by the temperature load (by the law of
the sinus) and the boundary conditions (Navier) is chosen, which leads to the distribution of the desired func-
tions in terms of the plate by the trigonometric harmonics of the Fourier series. The polynomial approximation
of the desired functions in thickness is involved.
The layered structure in the Cartesian coordinate system is considered. The faces of the layers are evenly

spaced at a certain distance and have zero curvature of the torsion & 12 = (0 . The variability of the main
curvature is neglected k ]] =const ; k 22 = const . The construction is rather slender, that is, for the coef-

ficients of the first quadratic form should be taken A4 1= 1; A )R 1 . 1t is assumed that the radii of curvature
are considerably larger than the thickness of the structure and its outer surfaces have the same curvature, it is
also possible to write [ + k 1125 I1+k 22Z R 1 . The introduced restrictions allow us to identify the curvi-
linear system of orthogonal coordinates with a planar orthogonal coordinate system. The X axis (lower index

1) and Y (lower index 2) are directed in the plan view, Z axis (lower index 3) for its thickness down; aj_j,

aj. — coordinates of external surfaces of k-th layer of the plate along the Z-axis; a comma at the level of the

index means a differentiation operation.
The vector of displacement, transverse components of the stress tensor, as well as the temperature dis-
tribution in the following form are depicted:

HaykxoBo-TexHiuHuX 30ipHUK «ABTOMOBUILHI JIOPOI'H I JIOPOXXHE BYIBHULITBO» http://addb.ntu.edu.ua
ISSN 0365-8171 (Print), ISSN 2707-4080 (Online), ISSN 2707-4099 (CD).
AUTOMOBILE ROADS AND ROAD CONSTRUCTION, 2021. Issue 110
27



BYJAIBHULNTBO TA INBIJIbHA TH’KEHEPIA
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Using the Cauchy relations, as well as representing the displacements and transverse stresses (1), ex-
pressions for deformations:

o) =y (0) f(0) () g6,
= 155
2=V 1V
26 =y {0 f15 v 15 =12 @
Hooke's law and relations for deformations (2) make it possible to determine the longitudinal compo-

nents of the stress tensor 0-9 I) , gg;) (7( ) with allowance for the temperature loading (1).

o =B Vi 1 kv 18+ B o 5+
tkpa V) £+ B 2R £ oy BOK) s BOE )i x,y) 90 2):

o =BE V1 kv 18+ BE v 1 ko v 1)
+BS/§) gg)f(k)_(a] B(k)_|_a2 B(k))t(k)(x’y)fgk)(z);
(k) G(k)(V(k)f(k) V(k)f(k) 3)
Substituting the expressions for deformations (2) and deformations (3) into the variational Reissner

principle, following [2], we obtain a resolving system of equations and corresponding boundary conditions.
For articulating support (the Navier boundary conditions), if the external loads are given by the following law:

mx | 7my mx . 7my
qB(x y,ag)=q; ;€08 ——sin——; qB(x V.ay)=q;,c08——sin——;
a b a b
mx  7my mx  7my
q23(x y.ag)=q,;sin——-cos—=—; q23(x Vily ) =(q4,Sih——cos ——;
a b a b
mx . 7my . mx . 7my
q33(xya0) q 38— » smT; qz3(x,y,an):q32szn7szn7;
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The distribution of the unknown function in the shell plan is represented thus:

V1 > V2 773 P b 5

BRRE a b
ng)=z'gl§)=5inMSin@? {5 = sin ™ in 7Y
a b a

Then the equilibrium equations for the orthotropic layered shell and the known steady-state heat con-
duction equation, which, in the framework of assumptions about the flatness of the shells, coincides with the

well-known equation for the plate

(k)qp(k)  (k)m(k)  H(k)p(k) _
AP Ty T Ay Ty + Ay T 557 =0
with considering ng) (x,v,z)=-— l‘(k) (x,y )ﬂ,gk) f gk3) (z ) are transformed as follows:
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The solution of system (4) is found in this form: fz(k) = z(k) e,B = (i=1....8).

The roots of the system of characteristic equations can be real, as well as complex, and

A6 2 k)2
B _ gl |1 ( j 2 ( y)
S la) aols )

Now the solution of the system of differential equations (4) can be represented as follows:

(k) (k) (k)
1=l e e ) 0 A2l o A
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_glk), _g(k), (k)
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The constants of integration (' l( ) ,i=1,....8 are found from the conjugation conditions of the

layers.
2. Results of numerical studies
As an example, the thermo-stressed state of a three-layer hollow shell with the following physical-

mechanical characteristics ~ was considered: EO =1 MPa; E (1) =172-1000- EO;

EYV =B =6,9-1000-Ey; GIY) =G1Y =3.45-1000- E); GLY =138-1000- E):

(1) _ (1) _ (1) _ _ . (1) v
o (1) B

A=A 08— a, =1° ol =80-107°

2 3 m - deg 0 1

05(]) —Ol(]) 2163,0-]0_6 - ap; h(l) :ﬁ (hz]m). The second layer, the thickness
2 3 0 4

h
h(Z) = 3 , identical to the first, but turned to 90°, the third layer is similar to the first, 4 /h=35 (a= b

).Thermomechanical contact of the layers is perfect. The plate is loaded on the upper surface with a temperature

distributed by the law of the sinus 7 g31~= 50-Ty (To= 1°).The bottom surface temperature of zero

8-(h/5
T,32=0. Curvature of the shell kjj=xkrl; ky ==xkr2 (krl :g;
4 (a+b)/a
8-(h/5) . - o
= ————"). The calculation was made when considering each layer within a single sublayer. The
(a+b)/b

value of temperature at the boundaries of the layers with consideration of each layer within a single sublayer:
50; 35.0164; 10.7681; 0.

Table 1 shows the dimensionless values of displacements, [/ ;= Ui 7
h-a, T)-10
U 3= Us 3 as well as stresses G;; = ©11 and G,) = _ %2 on the
h'ao'TO']O ao'TO'EO ao'TO'EO

boundaries of layers of a tight shell with sliding contact of layers and with a rigidly fixed bottom surface.
Considered the variant with negative and positive curvature (Z axis is directed downwards).
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Table 1 - Dimensional values of displacements and stresses on the boundaries of layers with sliding
contact of layers and with a rigidly fixed bottom surface.

Tabauws 1 - Po3mipHi 3HaUeHHS 3MillIEHB 1 HAMIPY>KEHb Ha ME3Ki LIapiB 3 KOB3aI0UUM KOHTAKTOM IIapiB
1 3 )KOPCTKO 3aKPIIICHOIO TTIOBEPXHEIO JTHA.

Ne = = — —
layer Uy Us o1l G22
k]] Z—kl’]; k22 =—kr2
1 -5.213 -4.195 4.858 -23.06 -5.213 -4.195 4.858 -23.06
-.5504 -2.317 -31.74 -9.230 -.5504 -2.317 -31.74 -9.230
2 -41.16 -2.317 -20.98 2993 -41.16 -2.317 -20.98 2993
-35.56 -.2969 3.459 -6.160 -35.56 -.2969 3.459 -6.160
3 -.5330 -.2969 -10.14 -11.48 -.5330 -.2969 -10.14 -11.48
0 0 2694 2177 0 0 2694 2177
kIIZkI”]; k22=kl’2

1 -8.394 -4.113 -6.854 -24.51 -8.394 -4.113 -6.854 -24.51
-3.677 -2.235 -23.25 -9.730 -3.677 -2.235 -23.25 -9.730
2 -41.76 -2.235 -21.96 -11.07 -41.76 -2.235 -21.96 -11.07
-36.27 -.2631 3.482 .0909 -36.27 -.2631 3.482 .0909
3 -.5831 -.2631 -13.00 -11.85 -.5831 -.2631 -13.00 -11.85
0 0 -.0644 -.0521 0 0 -.0644 -.0521

Conclusions. The approach to the investigation of the thermally stressed state of layered composite
shells is developed and a spatial model for calculating the thermally stressed state of flat shells on a rigid basis
with sliding contact of layers is constructed. At the present time, this is a very topical task when calculating
road pavement bridges. The peculiarity of such an approach is to assign the desired functions to the outer
surfaces of the layers, which allows the layers to be broken into substrates, reducing the approximation error
to practically zero. Using the considered model, an analysis of flat layered composite shells on a rigid basis
with sliding contact of layers under the influence of temperature load was carried out. The considered example
showed that the proposed model provides sufficient accuracy in calculations of layered flat shells when con-
sidering each layer within a single sublayer. The proposed approach can be used as a reference in the testing
of applied approaches.
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Anotanis: Cy4yacHi po3paxyHKH MIapyBaTHX IUIUT 1 000JIOHOK B TPUBUMIPHIH MOCTAaHOBL 3aCHOBAaH1
Ha METOJIHII, Ie PO3MOALT IIyKaHUX (DYHKIIIH [0 TOBIIMHI KOHCTPYKIIT PO3MIYKYETHCS METOIOM AMCKPETHOT
opToronamizauii. B naHiif craTTi Ha OCHOBI MiAXOiB, PO3POOJICHNUX aBTOPaMH, TPOAHATiI30BaHHUI TEPMOHAII-
PY’KEHHH CTaH MapyBaTUX KOMIIO3UTHHX MOJOTUX 00OJIOHOK 3 )KOPCTKO 3aKPIIUICHOIO HIKHBOO TIOBEPXHEIO.
3HaXOHKEHHS PO3MOALTY IMTyKaHUX (DYHKITIH 1O TOBIIMHI KOHCTPYKITIi BiTOYBa€ThCS HA OCHOBI TOYHOTO aHa-
JITUYHOTO PilIEHHS CUCTEMH JU(epeHLiaIbHIX PiBHSIHb.

PosrnsuyTHii MaXig 10 TOCTiHKEHHS TEPMOHAIPYKEHOTO CTaHY MOJOTHX KOMITO3UTHHUX O0OJIOHOK
Ta TOOY0BaHO aHANITUYHY MOJIEIIb AJIsl pO3paxyHKY TEPMOHAIPY>KEHOT'O CTaHy MOJOTHX 000JIOHOK Ha XKOp-
CTKill OCHOBI 3 KOB3aI0YMM KOHTAaKTOM m1apiB. Ha TenepimHiii 4ac 11e € BenbMuU akTyajibHa 3a7a4a Mpu po3pa-
XYHKY JTIOPOXHIX TTOKPHUTTIiB MOCTiB. OCOOIMBICTIO TAKOTO MiAXOAY € BiTHECCHHS ITyKaHUX (QYHKIIIH IO 30B-
HIIIHIX TOBEPXOHb 1IAPiB, IO T03BOJISIE PO30MBATH IIAPU HA MigMIapH, 3MEHIIYIOYH MMOXUOKY almpoKcUMallii
HPaKTHYIHO IO HyIs. 3 BAKOPUCTAHHAM PO3TILIHYTOI MOJIEIi TPOBECHUH aHaIi3 TTOJIOTHUX IIapyBaTHX KOMIO-
3UTHHUX 00OOJIOHOK Ha YKOPCTKiH OCHOBi 3 KOB3al0OUMM KOHTAKTOM ILIApiB IIiJ BIUIMBOM TEMIIEpaTypHOIO HaBa-
HTaKCHHSI.

s moOyn0oBH TTPOCTOPOBOT MOCII BUOMPAETHCS BapiaHT HaBAaHTAKCHHS TEMIICPATYPHUM HaBaHTa-
KEHHSIM (32 3aKOHOM CUHYca) 1 rpaHnyHUX yMOB (Hag'e), skuii mpu3BOIUTE A0 PO3MONITY IIYKaHUX (QYHKIIH
B IUIaHI IUTUTH 32 TPUTOHOMETPUIHUMH rapMoHiKaMu psaxy Dyp'e. 3amydaeThbes oTiHOMIaTbHA alPOKCUMAITIS
IIYKaHUX (PYHKIIH 10 TOBIIXHI.
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3 BUKOPHUCTAHHSAM PO3IIISTHYTOT MOJIeNTi MPOBEICHUI aHalli3 MOJOTHX IapyBaTUX KOMIO3UTHHUX 000-
JIOHOK Ha YKOPCTKiil OCHOBI 3 KOB3aIOYMM KOHTAKTOM INapiB i BIUIMBOM TEMIIEPATYpPHOTO HABAHTAKCHHS.
PosrasiHyTHI pUKIan 3aCBiAYMB, IO MPOIIOHOBAaHA MOJIENb 3a0e3euye JOCTATHIO TOUHICTD B pO3paxyHKax
NIapYBaTHX MOJIOTUX 000JIOHOK MPH PO3TJISIaHHI KOKHOTO IIapy B paMKax OJIHOTO IiIiapy.
3anponoHOBAHMH TiIX1T MOYKE 3aCTOCOBYBATHUCS Y SIKOCTI €TAJIOHHOTO METOY TIPU TECTyBaHHI MPH-
KJIQJHHX IT1IXOJIB B pO3paxyHKax Pi3HUX HAMPYKCHHUX CTaHIB IIapyBaTUX MOJOTUX KOMIO3UTHUX 000JIOHOK.
Kuro4oBi cjioBa: TemmneparypHi HaBaHTa)KCHHS, JOTUYHI HABAHTAKCHHS, TCPMOHAIIPYKEHUH CTaH,
[1apyBaTi KOMIO3UTHI 000JIOHKH, HAIliBAaHAJITHYHUN METO/ KiHIIEBUX €IEMEHTIB.
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