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Abstract. In various static stamp tests methods, both foreign and Ukrainian, it is foreseen to use a
different number of sensors for stamp settlement measuring.

Austrian method with three displacement sensors allows to reveal the stamp warping while loading, but
it is unclear how to determine the settlement in the stamp center, when the sensor readings at the moment of
warping will be completely different. The German method with a single displacement sensor is much simpler,
but does not consider the stamp warping. The use of Ukrainian methodology is not appropriate at all, because
two displacement sensors do not allow to observe the stamp warping.

The article is focused on mathematical model for the displacement of stamp points in road structures
static testing development with theoretical justification of necessary and sufficient number of sensors for stamp
settlement measuring.

Initially, the stamp displacement under warping in a flat deformed condition is considered as a rotation
on a certain angle a and a parallel transfer.
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It has been established that in this case, the stamp settlement with enough accuracy for engineering
practice can be measured with a single displacement sensor installed in the stamp center.

In fact, the stamp can rotate not only around the axis O,, but also around the O, axis. Therefore, a
separate mathematical model is constructed and describes the process of stamp displacement while it’s warping
in a volumetric deformed condition.

The developed mathematical model provides an opportunity to determine the settlement in the stamp
center, necessary for the modulus of elasticity calculation or modulus of deformation in the case when the
stamp at the warping moment will rotate both around the axis O, and around the O axis, and the rotation angles
o and S will be significant.

Keywords: road structure, static stamp tests, displacement sensors, stamp warping, settlement in the
stamp center.

Introduction. One of the most objective methods of road structures condition assessing and their layers
is the plate bearing tests in which the load is transmitted through a rigid stamp and the vertical deformation
(full or elastic) is measured before or after the load is removed. According to the defined full or elastic deflec-
tion, respectively, is the deformation module or modulus of elasticity, which are the main indicators of layer
deformation or road structure as a whole.

Materials and methods. Different methods of static plate bearing tests, both foreign and Ukrainian,
provide different number of displacement sensors use for stamp settlement measuring (Fig. 1).
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Figure 1 — Schemes of displacement sensors placement by the methodology: a) ONORM B 4417
(Austria) [1-5]; 6) VBN V.2.3-218-186-2004 (Ukraine) [6]; B) DIN 18134 (Germany) [1, 7]

Pucynok 1 — Cxemu po3MillieHHs JaTYUKIB mepeMimens 3a Metoaukoio: a) ONORM B 4417 (Asc-
Tpist) [1-5]; 6) BBH B.2.3-218-186-2004 (Ykpaina) [6]; B) DIN 18134 (Himeuuuna) [1, 7]

Austrian technique use with three displacement sensors [ 1-5] (Fig. 1, a) reveals skewing of stamp during
loading, but it is unclear how to determine the settlement in the stamp center when the sensors are completely
different at the moment of warping. The German technique with a single displacement sensor [1, 7] (Fig. 1, ¢)
is much simpler but does not take into account the stamp warping. The use of the Ukrainian methodology [6]
(Fig. 1, b) is not advisable at all, since the two displacement sensors do not allow keep a close watch on stamp
warping.

The aim of work is to develop a mathematical model of the displacement of stamp points during static
tests of road structures and to substantiate theoretically the necessary and sufficient number of sensors for
stamp settlement measurements.

Results and Discussion. In the flat case of stamp displacement during its warping, it can be considered
as a rotation at a certain angle a and a parallel transfer (Fig. 2).
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Figure 2 — Stamp replacement during its warping in a flat case
Pucynox 2 — [lepemiteHHs mtaMIia Py MepeKoci B INIOCKOMY BHTIAIKY

Then in the system xOz the coordinates of point M:

x,, =l-cosa,
" (1

z,, =l-sina.

If « 0 1, then:

sina =«a,
cosa =1, ()

tga=«a,

hence OM=1.

In this case, the settlement in the stamp center can be calculated by equation:

S +8, +5, 3)
i 3 b
where S,.I S, 955 —readings of displacement sensors arranged as shown in Fig. 1, a.

In this case, the parallel transfer is not very interesting because all the points move by the same value.
In the more general case, when the point M does not lie on the Ox or Oz axis (Fig. 3):

Zqg

V4
Figure 3 — Coordinate conversion when axes are rotated
Pucynoxk 3 — IlepeTBopeHHsI KOOPIUHAT IPH ITOBOPOTI Oceit
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Hence:
x,=1-cosp,
z, =1-sing,
“4)
x=1[-cos(a + @),
z =[-sin(a + @).
Then:
xX=x,-cosa—z, -sina,
(5)

z=x,-sina+z, -cosa.

Denote the matrix:
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cosa -—sina
‘[ J (6)

sina cosa

Then we have the matrix equation:
X=4-X. @)

a

Matrix 4 is not degenerate, so it has an inverse matrix that can be represented as:

cosa sina
A =( j (8)

—sina¢ cosa
Then
x =A"x, )
or we can write:

X, =x-cosa+z-sina,

(10)

Z,=—x-sina+z-cosa.

In fact, the stamp can rotate not only around the Oy axis, but also around the Ox axis (Fig. 4).
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Figure 4 — Stamp replacement during its warping in a spatial case
Pucynok 4 — TlepeMillieHHs MITaMIIa MPH MEPEKOCi B IPOCTOPOBOMY BHUIIAIKY

In this case, the results of 3D modeling of stamp warping in the PC «AutoCAD» indicate that in this
case, the dependence (3) will already be incorrect (Fig. 5).

Figure 5 — Results of 3D simulation of stamp warping in PC «AutoCAD»
Pucynok 5 — Pesynerat 3D mMozpemoBanHs nepekocy mramia B [IK «AutoCAD»

Then we can get equations similar to (5) and (10) to move from one coordinate system to another. The
obtaining formulas will include both angle « and angle 5.

In practice, it is very difficult to determine which angle the stamp will return with respect to the Ox axis
and relative to the Oy axis (Fig. 6), since the behavior of the stamp is completely unpredictable.

Figure 6 — Stamp warping at soil base tests conducting
Pucynok 6 — [lepekoc mrramma npu npoBeicHHI BUITPOOYBaHb IPYHTOBOI OCHOBH

Therefore, there are difficulties in solving the system of equations with two unknowns a and f. There-
fore, let us consider another model of finding the stamp warping of central point O.

We assume that in the undeformed condition the stamp is in the plane z = 0, and at points 4, B, C there
are displacement indicators (Fig. 7).
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Figure 7 — The position of displacement indicators on the stamp in the deformed condition

Pucynok 7 — ITonoxxeHHs iIHIMKATOPIB MIEpEMilleHHs Ha IITaMIli B Heie()OpMOBaHOMY CTaHi

From here we can determine the coordinates of points 4, B and C in space. Under load, the stamp settles
and warps. The points 4, B, C are shifted in space along the axis of O: by the values z4, zs, zc respectively.
These replacements are determining by indicators. It is known that through three points that do not lie on one
line, you can draw a plane and only one. The equation of this plane can be written as:

X-x, y-y, z-z

Xg =Xy Vp— V4 Zp—Z, =0. (11)

Xe =Xy Ve= V4 Zc72

Y, =Y, Z,7Z% 4
(x_xA)'

xb’_xA yﬁ_y/‘t

+(z—-z,)-

=0, (12)
y(' - yA ZC - Z/l xL - x/l ZL - Zi xC - x.'i y(' - y/i
or
(x_xA)'((yB _yA)'(ZC _ZA)_(ZB _ZA)'(yc _yA))_
_(y_y,,1)'((x3 _xA)'(ZC _ZA)_(ZB _ZA)'(XC _xA))+ (13)
+(Z_ZA)'((XB _xA)'(yc _yA)_(yB _yA)'(xc _xA)) =0.
Having opened the brackets, we obtain the equation of the plane, which can be written in the form:
A*x+B*.y+C*z+D*=0. (14)
Before deformation, the points were lying on a plane z = 0, normal vector of that plane
n, ={0,0;1}. (15)
After deformation, the points have passed to the plane (2.14), normal vector of this plane
n, ={A* B*C*}. (16)

HayxoBo-TexHiunuii 30ipHUK « ABTOMOBUIBHI JJOPOTH I JOPOXXHE BYIIBHUIITBO» http://addb.ntu.edu.ua
ISSN 0365-8171 (Print), ISSN 2707-4080 (Online), ISSN 2707-4099 (CD).
AUTOMOBILE ROADS AND ROAD CONSTRUCTION, 2021. Issue 110

40



BYJAIBHULNTBO TA INBIJIbHA TH’KEHEPIA

The angle between planes z = 0 and (14) is equal to the angle between the vectors ;zl and ;z: (Fig. 8).

7, A*x+B*y+C*z+D*=0

A
| Y z=0

Figure 8 — Angle between stamp planes before and after warp
Pucynok 8 — Kyt Mixk IiongHaM#u 1Tamria Jo0 1 micis mepexocy

Let's find this angle:

cosy = =—=. (17)
] ]

Finding the dot product and the modules of corresponding vectors, providing that angle is sharp, we
obtain:

€

cosy = . (13)
NA*® +B* +C*

The plane of stamp before deformation Z = 0 will intersect with the plane after deformation (14) along
a straight line lying in the plane xOy (Fig. 9):

A*x+B*.y+D*=0. (19)

Figure 9 — The location of the intersection of two planes in the plane xOy
Pucynok 9 — PosramryBanHs npsiMoi IepeTHHY IBOX IUIOMIMH B IUIOMHKHI XOy

The distance from the stamp center point O in the undeformed condition to the straight line (19) is
found by equation:

d_|A*~xU+B*-yU+D*|

P (20)
A*¥ +B*

Accordingly, the settlement in the stamp center of the OO" will be:

00'=d -1gy. (21)
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Conclusions and Recommendations. Therefore, analyzing the presented research results, we can con-
clude that by suggested mathematical model using [8], it is possible to determine the settlement in the stamp
center necessary to calculate the modulus of elasticity or deformation modulus, in which case the stamp will
rotate around the axis Oy and around the Ox axis, and the angles of rotation o and § will be significant.

In the case when the stamp rotates only around the Ox or Oy axis, or when the angles a and S are
insignificant, the dependence (3) is fair and the stamp settlement with sufficient engineering precision can be
measured by a single displacement sensor mounted in the stamp center.

In order to estimate the angles values on which can actually rotate the stamp during warping, as well as
to determine definitively enough sensors when making measurements, it is necessary to conduct experimental
studies.
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AHoTaif. B pi3HIX METOANKAX CTATHYHHX [ITAMIIOBUX BUMPOOYBaHb, SIK 3aKOPJJOHHMX, TaK 1 YKpaiH-
CBKiii, mepen0adyeHo BUKOPUCTAHHS Pi3HOI KiTBbKOCTI NATYMKIB MEPEMIIICHb JJIsi BUMIPIOBAHHS OCiIaHHS
nrama.

BukopucTaHHS aBCTPIACHKOI METOIUKH 3 TPhOMA JATUNKAMH MEPEMIIIEHb JO3BOJISE BUABUTH TIEPEKO-
ITyBaHHS IITaMITa TIPH HaBAaHTAKEHHI, ajie He3p03yMiJIO, SIK BU3HAYUTH OCIAaHHS B IICHTPI IMITaMIIa, KOJIH T10-
Ka3aHHS JaTYMKiB B MOMEHT epeKoCcy OyayTh aOCOOTHO pi3HUMHU. HiMellbka METOUKa 3 OJHUM JaTYHKOM
nepeMillieHHs Habarato MpOCTillia, aje He BPaxOBYe MEPEKOIIYBaHHS IITaMIia. BUKOpHUCTaHHS YKPaTHCHKOT
METOIMKH B3araji He MOIUIbHE, OCKUIBLKY /1B JaTIUKH IEPEMIlIeHb HE Taf0Th 3MOTH BiJICIIAKYBaTH MEPEKOC
nIrama.

CratTs mpucBsiIeHA PO3pOOITl MAaTEMAaTUIHOI MOJIEIi TIEPEMIIIICHh TOYOK IITaMIIa TIPH CTATHYHUX BU-
MpoOyBaHHAX JOPOKHIX KOHCTPYKITIH 3 TCOPETHIHNM OOTPYHTYBaHHSAM HEOOXiTHOT Ta JOCTATHHOI KiTLKOCTI
JATYVKIB IS IPOBEICHHS BUMIPIOBAHb OCiTaHHS IITAMIIA.

CroJaTKy pO3TJISHYTO MEPEMIICHHsI IITaMIIa Py MePeKoci B MIOCKOMY JaeGopMoBaHOMY CTaHi SIK
MOBOPOT Ha JESIKUI KyT ¢ 1 MapajelbHUi IepeHOcC.

BcranoieHo, o B TaKOMY BUITAJIKy OCIZIAHHS IITaMIa 3 IOCTATHBOIO ISl iIHKESHEPHOT MPAKTHKHU TOY-
HICTIO MOYKHA BUMIPSTH OJTHAM JaTYUKOM IIEPEMIIICHHS, BCTAHOBIICHUM B IIEHTPI IITAMIIA.

B niiicHocTi mtamn Moxe o0epTaTucs He TUIBKK HaBKoo oci Oy, a i HaBkoJo oci Ox. Tomy, modymo-
BAaHO OKpEMY MaTeMaTHIHY MOJIETh, SIKa OMHUCYE MPOIIeC TIEPEMIIICHHSI IIITaMIIa TIPH TIEPEKOCi B 00’ eMHOMY
ne(OpMOBaHOMY CTaHi.

Po3po0bieHa MaTeMaTHYHA MOJIENb JIA€ 3MOT'Y BU3HAUUTH OCIiIaHHS B IICHTPI ITaMIia, HEOOXiqHE ISt
pO3paxyHKy MOAYJIS MPYKHOCTI 94U MOAYS Aedopmaltii, y BUIAAKY, KOJIW IITaMIT B MOMEHT TIepeKocy Oyre
obepratucs siK HaBKoJo oci Oy, Tak 1 HaBKoJIO oci Ox, a KyTH IOBOPOTY o Ta f OyAyTh 3HAUHUMH.

Kuo4oBi cioBa: 1opoXHS KOHCTPYKITiS, CTATUYIHI MITAMIIOBI BUIPOOYBAaHHS, NTaTIYUKU TICPEMIIICHbD,
MEPEKONTyBaHHS [ITaMIIa, OCITAHHS B IICHTPI IITAMIIA.
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