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Summary. The article examines the deformations of short elastic beams with different cross-sections
under concentrated and uniformly distributed loads. The effect of transverse shear deformations on the stiffness
of the beams is investigated.

A second-order differential equation is used as a mathematical model of the problem, formed with
consideration of pure bending and transverse shear deformations [1]. Boundary conditions are specified for
simply supported and cantilever beams.

The boundary value problem is solved analytically and using the finite element method (FEM),
allowing control over different levels of accuracy. The maximum deflections of beams with different cross-
sections (rectangular, I-shape, circular, and annular) are determined. Timoshenko beam theory is applied to
obtain beam deflections [2].

Modern structural design relies on computer-aided design (CAD) systems, which enable the creation
of precise structural models and the analysis of their behavior under realistic conditions. CAD software with
integrated finite element tools enables the analysis of the behavior and the identification of specific
deformations in both individual components and the entire structures [3].

Three-dimensional finite element modeling of beams was performed using the SCAD and LIRA
software [4, 5]. Graphs of mesh convergence for the deflections of the I-shaped cantilever beams were plotted.
A comparison of analytical and numerical solutions of the boundary value problem demonstrated a high level
of accuracy, indicating the efficiency of the applied approaches.

The obtained results have practical significance for structural engineers, particularly in analyzing short
beam deformations during the design of beams with different cross-sections. Additionally, these research
findings can be incorporated into the educational process for the "Strength of Materials" course.

Keywords: simply supported beam, cantilever beam, thin-walled cross-sections, parametric cross-
sections, stiffness of the beam, transverse shear deformations, finite element software, LIRA software, SCAD
software.
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Introduction. Beams are fundamental structural elements in nearly all engineering structures. The
assessment of beam deflections is a common design challenge. While classical beam theory (Euler-Bernoulli)
simplifies bending analysis, it neglects transverse shear deformations. The Euler-Bernoulli theory is suitable
for analytical calculations of deflections in long and slender beams, but significant errors arise when applied
to short beams. Beams with a relative length L < 5h (h — beam height) are classified as short beams. The
Timoshenko theory provides more accurate results for short beams by accounting for both pure bending and
shear deformations [2].

Aims. This study aims to determine the effect of transverse shear deformation on the stiffness of simply
supported and cantilever beams with different cross-sections (thin-walled and parametric) and to compare the
results of analytical solutions based on the differential equation with the results of three-dimensional finite
element analysis obtained using the SCAD and LIRA software packages.

Object of study — simply supported and cantilever beams with thin-walled (I-shape, annular) and
parametric cross-sections (rectangular, circular).

Main Study. The differential equation of beam bending (fig. 1), which accounts for both pure bending
and transverse shear deformations, can be expressed as follows [1]:

Pw() _dPwa() | d() _ MG) () 1
dx?  dx? dx2  EI _MGr 1)

where: w(x) = w — total deflection due to both pure bending and transverse shear deformations;

wg (x) = wg; — classical deflection due to pure bending deformations;

v(x) = v — deflection due to transverse shear deformation;

EI — flexural rigidity;

GF — shear rigidity;

u — coefficient accounting for the non-uniform distribution of shear stresses across the section height;
M (x) — bending moment;

q(x) — intensity of uniformly distributed load.

According to [6] the following coefficient u is accepted: 4 = 1,2 for the rectangular cross-section,
u = 2 for annular cross-section, u = 32/27 for circular cross-section. For the I-shaped beam u = F/F,,.},
(F — the I-beam area, F,,,;, — the web area).

As an example, a cantilever beam loaded with a uniformly distributed load with intensity q(x) = q is

2 2
considered (fig. 1). The equation of the bending moment is expressed as follows: (x) = qLx — % - %
q
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To establish the boundary conditions, the following equations are formulated according to [1]:
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dv(®) Q)
=u

dx GF '’ 4)

where: Q(x) - shear force.

Equations (2) and (3), when subjected to the boundary conditions at x =0, w(0) =0,

rO _ 09 _ 9t and wa© _ 0 yield the constants C; = @) _ ,uq—'L, C, = 0. Thus:
dx GF GF dx dx GF
qL. , ql?x* qx* qa qL
(- ) g Ty 5
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Equation (5) with the x = L gives the value of maximum deflection of the cantilever beam
w(L) = Wiy : . 5
qL qL
L) =— — 6
wl) =gt o (6)
Solving the differential equation (1) by integration provides the refined expression for deflection, which
considers both pure bending and transverse shear deformations. Neglecting the shear deformation terms in
equation (1) leads to the classical form:
dPwy() M) ,
dx? ~  El’ )

By solving equation (7) via integration, the classical deflection is obtained, considering only pure
bending deformation.
For example, for the cantilever beam (Figure 1) under a uniformly distributed load the classical

4
deflection formula takes form of: w (L) = g—;l. Based on the Maxwell-Mohr formula, the formulas for the

maximum deflections of beams are derived in [2].
The effect of transverse shear deformations on the stiffness of the beams is quantified by the correction
factor k, calculated using the following expression:

We + U w
k=——=—1, (8)
Wei Wei

To study the effect of transverse shear deformations on the stiffness of the beams, the following design
models were considered: short simply supported and short cantilever beams with a relative beam
length L = 5h (where h is the section height) subjected to concentrated and uniformly distributed loads. The
selected thin-walled cross-sections include I-shape No. 20 (DSTU 8768:2018 Ukraine) and an annular section
with diameter and thickness of 200x2.5 mm. The parametric cross-sections include a rectangular section with
a height and width of 200x100 mm and a circular section with a diameter of 200 mm. All beams are made of
isotropic material with G = E/2(1 + v).

For each case, the values of the correction factor k as ratio of the maximum deflections were computed
using formula (8) and presented in Table 1.

The analysis of the obtained correction factor in Table 1 indicates that thin-walled cross-sections are
more sensitive to transverse shear deformations than parametric ones. Among these, the I-shaped cross-section
is the most susceptible. The design model most sensitive to transverse shear deformations is as follows: a
simply supported I-shaped beam under a concentrated load at midspan.

Figure 2 presents a graph illustrating at which number of the I-beam and relative beam length the effect
of transverse shear deformations in beams with different design models reaches a value of k = 1.05.
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From Figure 2, it is evident that the effect of transverse shear deformations must be considered not
only for short [-shaped beams but even for relatively "slender" beams. For example, for the [-beam number 10,
k =1.05at L = 17.9h. A general trend is observed: the smaller the I-beam No. (the height h), the greater the
relative span at which the effect of transverse shear deformations reaches k = 1.05.

Table 1 — The correction factor k for the isotropic beams with relative length L = 5h
Taonuysa 1 — KoediieHT yTOYHEHHS U151 130TpONHOT OaJIKM 3 BiTHOCHOIO NOBXKHHOIO L = 5h

Design model @ |:| / H\
L =5h N/
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Figure 2 — The effect of transverse shear deformations on I-shaped beams
Pucynoxk 2 — Bmus gedopmaliii momepevyHoro 3cyBy Ha IBOTaBPOBI OaIKH

The reliability of the obtained results, derived from solving equation (1), can be assessed by comparing
them with a three-dimensional solution. For the three-dimensional modeling, the SCAD and LIRA software
packages are employed [3, 4]. The analysis of short isotropic cantilever beams with a relative length of L = 5h
and cross-sections most susceptible to transverse shear deformation (I-shaped and annular cross-sections) is
performed (Fig. 3).
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In the SCAD and LIRA software packages for the modeling of cantilever beams with I-shaped and
annular cross-sections, finite elements FE 41 (arbitrary rectangular FE of shell) were used. The height of the
I-shaped cantilever beam was modeled as (200-8.4)=191.6 mm (8.4 mm is the width of the flanges), the
diameter of the annular cantilever beam was modeled as (200-2.5)=197.5 mm (2.5 mm is the thickness of the
annular section). No offsets for the shells were used. The rigid fixation was modeled by restricting all possible
degrees of freedom along the entire height of the corresponding cross-section.

Figure 3 — The finite elements models of beams simulated using the LIRA software
Pucynok 3 — CkiHueHHO-eIIeMEHTHI MOJieNi 0aoK, MO0y JOBaHUX 3a IOTIOMOTOI0 OOYUCITIOBAIIEHOTO
komruiekcy LIRA

The finite element models are illustrated in Figure 3. The loads applied at the free end of the cantilever
beam, in the three-dimensional modeling using the SCAD and LIRA software packages, were modeled as
shown in Figure 4. The value of the concentrated load is P = 10kN, and the intensity of the uniformly
distributed load is @ = 10kN/m. The modulus of elasticity is E = 2.0601 - 10°MPa, material — isotropic.

1111111171174

Figure 4 — The three-dimensional finite element modeling of the cantilever beams under the
concentrated (a) and uniformly distributed loads (b)
Pucynok 4 — TpuBuMipHe CKIHUCHHO-CIIEMEHTHE MOICITIOBAaHHS KOHCOJBEHUX OaJIOK i MTi€t0
30CEeDEDKEHOTO (a) Ta PIBHOMIDHO HABAHTAXXCHOT'O HaBaHTaxeHHS (b)

HayxoBuii sxxypHar «ABTOMOBUIbHI JOPOT'Y I JOPOXHE BYAIBHULITBO», 2025. Bumyck 117. Yactuna 1.
ISSN 0365-8171 (Print), ISSN 2707-4080 (Online), ISSN 2707-4099 (CD), http://addb.ntu.edu.ua.
Scientific journal KAUTOMOBILE ROADS AND ROAD CONSTRUCTIONY», 2025. Issue 117. Part 1.

80



BYJAIBHULTBO TA HUMBIJIBHA TH)KEHEPIS / BUILDING AND CIVIL ENGINEERING

The deflection values obtained from the three-dimensional solution were taken for the points as shown

in Figure 5.

Figure 5 — The points at which the deflection values were taken (cross-section at x = L of the cantilever beam)
Pucynok 5 — Toukn, B skux 0yJ10 BU3HAYEHO MPOTHH (TIOTIEPEYHI Iepepi3n 3HAXOAATHCS Ha BijicTaHi X = L)

The discrepancy between analytical calculations based on equation (1) and three-dimensional finite
element analysis using the SCAD and LIRA software packages is presented in Table 2 and Table 3.
To assess mesh convergence of the finite element analysis (FEA), the calculation on different finite
element meshes was performed. Four types of finite element meshes were considered (Mesh 1, Mesh 2, Mesh
3, Mesh 4). Each subsequent mesh is refined by a factor of two. Thus, mesh convergence graphs of FEA for

the deflections at x = L of the cantilever beams w(L) can be plotted.

Table 2 — Comparison of the results of the analytical solution and the three-dimensional finite

element solution for the I-shaped cantilever beams
Taénuys 2 — IlopiBHAHHS Pe3yJIbTATIB, OTPUMAHUX HA OCHOBI aHATITUYHOTO Ta TPUBUMIPHOTO

CKIHYEHHO-EJIEMEHTHOTO p03B’513Ky AJI1 IBOTaBPOBUX KOHCOJIBHUX 0ajok

L

Ne 20 (200 mm)

The deflection w(L) in mm obtained from the three-dimensional
solution using the SCAD and LIRA

gl_EElID

L=5h
Mesh 1 Mesh 2 Mesh 3 Mesh 4
Design model 189 nodes/ 697 nodes/ 2673 nodes/ 10465 nodes/
160 elements | 640 elements | 2560 elements 10240 elements
SCAD/LIRA SCAD/LIRA SCAD/LIRA SCAD/LIRA
The deflection w =1.01185 mm
obtained by solving equation (1) 1.00238/ 1.01200/ 1.01758/ 1.02211/
P 1.00225 1.01187 1.01745 1.02198
Discrepancy -0.9%/-1.0% 0%/0% +0.6%/+0.6% +1.0%/+1.0%
The deflection w =0.396005 mm
obtained by solving equation (1) 0.389676/ 0.392085/ 0.392708/ 0.392882/
! 0.389625 0.392034 0.392657 0.392831

Discrepancy

—1.6%/-1.6%

—1.0%/-1.0%

—0.8%/-0.9%

—0.8%/-0.8%
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Graphs of mesh convergence for the deflections w(L) at x = L of the I-shaped cantilever beams are
represented in Figure 6.

1.025 0.393

1

"
1.02 0.392

Deflectiong oy 1.015 DeﬂectiouSCAD

. 0.391
Deflectiony 1p o Lol Deflectiony p o

1.005]

0.389
! 4 1

Mesh Mesh

Figure 6 — Mesh convergence graphs for w(L) of the [-shaped cantilever beams obtained from FEA
Pucynok 6 — I'padixu npaxtuanoi 30ixxka0octi MCE o nporuny w(L)
JUTSL TBOTaBPOBUX KOHCOJIBHUX OAJIOK

Table 3 — Comparison of the results of the analytical solution and the three-dimensional solution
for the cantilevers with annular cross-sections

Taénuysn 3 — IlopiBHAHHS pe3yJbTaTiB, OTPUMAHNX HA OCHOBI aHAIITUYHOTO Ta TPHUBHUMIPHOTO
CKiHUEHHO-EJIEMEHTHOTO PO3B’SI3KY JUISI KOHCOJIBHHUX OAJIOK 3 KiJILIIEBUM HONEPEYHUM IEPEpi3oM

@ The deflection w(L) in mm obtained from the three-
dimensional solution using the SCAD and LIRA
200x2.5 mm
L =5h
Mesh 1 Mesh 2 Mesh 3 Mesh 3
. 104 nodes/ 400 nodes, 1568 nodes/ 6208 nodes/
Design model 96 elements 384 elements 1536 elements 6144 elements
SCAD/LIRA SCAD/LIRA SCAD/LIRA SCAD/LIRA
The deflection w =2.34839 mm 251557/ 236715/ 234372/ 234316/
obtained by solving equation (1) 2.51493 2.36693 2.34346 2.34299

—

Discrepancy

+7.1%/+7.1% | +0.8%/+0.8% | -0.2%/-0.2% -0.2%/-0.2%

The deflection w =0.883505 mm

. . . 0.954521/ 0.904609/ 0.890042/ 0.885946/
obtained by solving equation (1)
, 0.954221 0.904507 0.889943 0.885850
Discrepancy +8.0%/+8.0% | +2.4%/+2.4% | +0.7%/+0.7% | +0.3%/+0.3%
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Figure 6 illustrates that the three-dimensional finite element model of the I-shaped cantilever beam,
under uniformly distributed loads, indicates mesh convergence.

However, the situation is unlike that of the cantilever beam under a concentrated load. This may be
due to the idealization of the concentrated load, which, in reality, can lead to significant local effects that are
not always accurately accounted for in finite element modeling.

Graphs of mesh convergence for the deflections w(L) at x = L of the annular cantilever beams are
represented in Figure 7.
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Figure 7 — Convergence graphs for w(L) of the annular cantilever beams obtained from FEA
Pucynok 6 — I'padiku npaxtuunoi 30ixaocti MCE 1o nporuny w(L) 17151 KOHCOJIBHUX 0aJIOK 3 KiJIbIICBHM
TIOTIEPEYHUM TIEPEPi3oM

Figure 7 illustrates that the three-dimensional finite element model of the annular cantilever beam,
under both concentrated and uniformly distributed loads, indicates mesh convergence. The negative effect of
the concentrated load on the three-dimensional finite element model was avoided by modeling the concentrated
load as a system of equivalent forces applied at the nodes of the corresponding section.

Table 2 and 3 demonstrate a high degree of accuracy between the analytical solution and the three-
dimensional finite element solution. The three-dimensional solution, obtained using the SCAD and LIRA-FEM
software packages, is a numerical approach that models the actual support conditions and load transfer to the
beam in a more detailed and realistic manner.

Conclusions

1. This study analyzed beams with different design models and cross-sections: thin-walled (I-shaped,
annular) and parametric (rectangular, circular). For each case, the measure of correction factor k (the ratio of
the maximum deflection calculated by considering both pure bending and transverse shear deformations to the
maximum deflection calculated by considering only the pure bending deformations) was calculated that
indicates the effect of transverse shear deformations on the stiffness of the beams. The design model most
susceptible to transverse shear deformations was identified. It appeared to be a simply supported I-shaped
beam under a concentrated load at a midspan.

2. Considering transverse shear deformations is necessary not only for short I-shaped beams with a
relative length L < 5h (h — beam height) but even for relatively long I-shaped beams. The smaller the
I-beam No. (the height h), the greater the relative span at which the influence of transverse shear deformations
reaches k = 1.05.

3. Comparison of calculations based on the differential equation, which accounts for both pure bending
and transverse shear deformations, with three-dimensional finite element analysis using the SCAD and LIRA
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software packages demonstrates a high degree of accuracy between analytical and numerical solutions. The
I-shaped and annular cantilever beams as the most susceptible to transverse shear deformations cross-sections
were analyzed using FEA. Mesh convergence graphs were plotted for the finite element solutions, and all
design models of the cantilever beams indicated a convergence except for the I-shaped cantilever
beam under a concentrated load. This may be due to the idealization of the concentrated load which, in reality,
can lead to significant local effects that are not always accurately accounted for in finite element modeling.

4. The obtained results have practical significance for structural engineers, particularly in analyzing
short beam deformations during the design of beams with different cross-sections. The research findings can
be incorporated into the educational process for the "Strength of Materials” course.
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AHoTamisi. Y craTTi BHBYAIOTHCS AchopMallii KOPOTKHX MPYKHHUX OalOK Pi3HOTO ITOMEPEUYHOTO
nepepizy, M0 BUHHMKAKOTH MiJ JI€H0 30BHIMIHBOTO 30CEPEIKEHOr0 Ta PIBHOMIPHO pPO3MOIIJICHOIO
HaBaHTaXeHH:. JlochmimKyeTbes BIUTUB AedopMaliiil MOnepevHoro 3CyBy Ha XKOPCTKICTh OaokK.

Sk MaremaTHyHa MOJIENb 3a/Jadi MPONOHYEThCA MUdEpeHIlialbHe PIBHAHHS IPYroro MOPSAKY,
moOyIoBaHe 3 ypaxyBaHHAM JehOpMaIliii YUCTOr0 3TWHAHHS ¥ morepedHoro 3cyBy [1]. I'panndni ymoBu
3aJaHo IS IAPHIPHO-OMEPTHX 1 KOHCOIBHHUX OalloK.

KpaiioBa 3amava po3B’SI3ye€ThCS aHATITHYHO 1 YHUCEIBPHHM METOJOM CKiHYeHHHUX eneMmeHTiB (MCE),
SIKUH JT03BOJISIE€ KEPYBATH PI3HUM PiBHEM TOYHOCTI.

3HaiileH0 MaKCUMallbHI IPOTHHU OAllOK 3 PI3HUMH THIIAMH Tepepi3iB (IPSIMOKYTHHM, ABOTaBPOBHM,
KpyriuM Ta KiiblieBuM). JlJis 3HaXOJ/pKEHHS TPOTWHIB B Oajkax 3acTOCOBAaHO TEOpPir0  Oayiok
C.I1.Tumorenka [2].
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[IpoTe cywacHe NPOEKTYBaHHS CKIAJAHUX O0'€KTIB HEMOXJIHWBE 0€3 BHKOPHUCTAHHS CHCTEM
aBToMatuzoBaHoro npoektyBaHHs (CAIIP), ski 103BOJMSAIOTH CTBOPIOBATH OiBII TOYHI MOZEI KOHCTPYKITIH
Ta aHaNI3yBaTH iX MOBENIHKY B YMOBaX, HAONMKEHHUX 0 peanbHux. 3a nonomoroio CAIIP (3 BOynoBaHuMu
IHCTpYMEHTaMH CKiHYCHHO-CJIEMEHTHOTO aHaji3y) MOXKHA JOCHiKYBaTH TOBENIHKY Ta BHSIBISTH
0CcOOIUBOCTI AeopMalliii IK OKPEeMHX €JIEMEHTIB, Tak 1 00'ekTa B minomy [3].

TpuBuMipHE CKIHYCHHO-CJIICMCHTHE MOJIEIIOBAaHHS KOHCOJIBHUX OaJlOK BHKOHAHO Ha OCHOBI
obuncmoBaibaux KomiuiekciB SCAD Tta LIRA. [TobynoBaHo rpadiku mpakTUIHOT 301)KHOCTI 110 MTPOTHHAM
IUIsl TOHKOCTIHHUX KOHCOJNBHUX Oainok. [IopiBHAHHS aHAaTITUYHOTO 1 YMCENBHOTO PO3B’s3KiB KpailoBoi 3agaui
TT0Ka3aJI0 BUCOKHMA PiBEHB 1X 301KHOCTI, [0 CBIAYUTH PO TOUHICTH i €(PEKTUBHICTH 3aCTOCOBAHUX ITiAXOIB.
OTtpumaHi pe3ysbTaTH MaloTh PAKTHYHE 3HAYCHHS /ISl iH)KCHEPiB-NIPOCKTYBAIBHHKIB, 30KpeMa B KOHTEKCTI
aHamizy aedopmamii KOPOTKMX OalloK y Mpoueci po3poOKH KOHCTPYKLiM 3 pi3HUMH TE€OMETPUYHUMHU
nepepizamMu. Pe3ynpTaTé NOCHIIUKEHb TAKOXX BapTO BHKOPHCTOBYBATH B HABYAJIbHOMY IIpoOLeci Hix dac
BUIKJIaaHHS Kypcy «OImip MaTepialiBy.

KirouoBi cioBa: mapHipHO-omepTa Oanka, KOHCOJNBbHA Oajika, TOHKOCTIHHI MOMEpeyHi mepepi3,
MapaMeTpuyHi TOMepeyHi Tepepi3u, >KOPCTKICTh Oanku, nedopmarii MONMepevyHOro 3CYBY, CKiHUEHHO-
eJIEMEHTHHI 0OYMCIIIOBAJIBLHUI KOMIUIEKC, 00UnCIoBaIbHUE KoMIuieke LIRA, o0unciIoBabHAN KOMILIEKC
SCAD.

IlepeJiik nocwJiaHb

1. Bapsak I1. M. HoBi MeToau po3B’s3Ky 3amad onopy marepiaiiB. Kuis : Buma k., 1977. 159 c.

2. Ilchenko 1., Marchenko N., Grinevitzkiy B. Transverse shear deformations for deflections of thin-
walled beams. Automobile Roads and Road Construction. 2023. No. 114.1. P.045-054.
https://doi.org/10.33744/0365-8171-2023-114.1-045-054.

3. bapabdamr M.C., Kozmo C.B., Mensenenko JI.B. Komm'torepHi TEXHOJIOTiI MpPOCKTYyBaHHS
MeTaneBUX KOHCTPYKIil : HaBd. moci6. Kuis : HAY, 2012. 572 c. http://er.nau.edu.ua/handle/NAU/25078

4. Karpilovskyy V.S., Kryksunov E.Z., Maliarenko A.A., Perelmuter A.V., Perelmuter M.A., Fialko
S.Y. SCAD Office. V.23. System SCAD++. Publishing House SCAD SOFT, 2024. 992 c.
https://scadsoft.com/download/SCAD1033.pdf

5. Crpinens—Crpineuskuii E.b., XKypasnros O.B, Bogonssnos P.1O. JIIPA-CATIIP. Kuura 1. OcHoBu:
enektpoH. BuA. Liraland, 2019. https://www.liraland.ua/

6. Yuxmanze E. /1. bByniBenpHa wMexanika: migpyuHuk. XapkiB: YkpJA3T, 2011. 320c.
http://lib.kart.edu.ua/bitstream/123456789/2334/1/Iiapyunuk.pdf.pdf

7. Kapninoscekuit B.C. Meron ckiHueHHHX elleMeHTIB 1 3amadi Teopil npyxHocti. Kuis : Codist A,
2022. 275 c. https://scadsoft.com/download/KVSBo0k2022.pdf

JaTa Hagxomkenns 10 penaxuii 03.02.2025.

HayxoBwnit sxypHaI « ABTOMOBUIbHI JOPOI'M I IOPOXKHE BYAIBHULITBO», 2025. Bumyck 117. Yactuna 1.
ISSN 0365-8171 (Print), ISSN 2707-4080 (Online), ISSN 2707-4099 (CD), http://addb.ntu.edu.ua.
Scientific journal KAUTOMOBILE ROADS AND ROAD CONSTRUCTIONY», 2025. Issue 117. Part 1.

85



